ABSTRACT To address the shortcomings of the existing linear power flow calculation methods for distribution networks with low versatility and calculation accuracy, a linear power flow calculation method considering distributed generation (DG) is proposed. According to the characteristics of distribution networks and using the Taylor series expansion technology, the nonlinear terms of the basic power flow equation are linearized. The reactive power generated by the non-PV type DG is simplified to a quadratic function of the voltage amplitude. Then, combined with linear approximation and the simplified DG calculation model, the basic power flow equation is simplified into a linear form. Based on the linear power flow equation, a linear power flow calculation method for distribution networks with DG is proposed. The proposed method, which considers various types of DG, has a strong versatility. Finally, the calculation results of typical test systems show that compared with the existing linear power flow calculation methods, the proposed method has a higher calculation accuracy and more versatility and can be used for rapid analysis of distribution networks.
I. INTRODUCTION
Power flow calculation is the basis of power distribution system analysis, which is a necessary part of distribution networks planning and reconfiguration. The commonly used power flow calculation methods include Forward-backward Sweep Method [1] , Direct Solution [2] , Modified Newton Method [3] and Zbus Gaussian Method [4] . All of these methods involve iterative computation, which is the most time-consuming part of power flow calculation. Some modified methods [5] - [10] have been proposed to improve the power flow calculation in distribution networks, but none of them have got rid of the iterative calculation. Furthermore, the planning [11] , optimization [12] and reconfiguration [13] of distribution networks become more complex because of the nonlinear power flow equations.
With the rapid development of distribution networks, more and more distributed generation (DG) are connected to the distribution networks, and the access of the DG has a great impact on the network structure, voltage distribution and power flow calculation of the distribution networks.
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In [14] , the types of DG are divided into four categories, and the power flow calculation model for each type of DG is given. The traditional distribution networks generally only contain PQ type buses. With the access of DG, buses of PV type, PI type and PQ(V) type are added into the distribution networks, which makes many existing linear power flow algorithms no longer applicable.
In recent years, relevant literatures [15] - [22] have studied the linear power flow algorithm of distribution networks. The proposed linear power flow algorithm significantly improves the power flow calculation efficiency. In [17] , an approximate linear power flow formulation is proposed by logarithmic transforms of voltage magnitudes. In [18] , the Taylor series is applied to the bus injection current term in the real number domain, and a linear power flow equation in complex plane form is obtained. In [19] , the curve fitting technique is used to obtain the linear approximate flow equation of the threephase equilibrium system distribution networks in the form of rectangular coordinates. In [20] , a general three-phase linear power flow calculation model for active distribution networks is proposed under a polar coordinate system. However, these methods [18] - [20] do not consider non-PQ type DG. In [21] , linearization of power flow considering PQ and PV bus types is demonstrated. In [22] , the basic power flow equation is simplified by using the characteristics of the distribution networks bus voltage, and a linear power flow calculation method including PV type DG is proposed. However, the PI and PQ(V) type DG are not considered in [21] and [22] . This paper focuses on obtaining a linear power flow calculation method for distribution networks with high precision and versatility. According to the typical characteristics of the distribution network and using Taylor series expansion, the two nonlinear terms of the power flow equation (reciprocal of voltage amplitude and trigonometric function) are linearized. The reactive power calculation model of the non-PV type DG output is simplified to a unitary quadratic function. Secondly, combined with linear approximation and the simplified calculation model of DG, the basic flow equation is linearized. Finally, a linear power flow calculation method for distribution networks with DG is obtained. Compared with the existing linear power flow calculation methods, the proposed method with strong versatility is suitable for distribution networks containing any types of DG. The effectiveness of the proposed method was validated through typical test systems.
II. LINEAR APPROXIMATION
The basic power flow equation can be formulated by admittance and voltage. It is shown as follows
where i and j denote bus indexes. n denotes the number of buses of the networks. P i and Q i denote the total injected active and reactive power of bus i. P Gi and Q Gi denote the active and reactive power from DG. P Li and Q Li denote the active and reactive power of the load of bus i. V i denotes the voltage amplitude of bus i. G ij , B ij , and δ ij denote the conductance, susceptance, and angle difference between buses i and j, respectively. G ij and B ij denote the real and imaginary part of an element of system admittance matrix. δ ij denotes angle difference between buses i and j. When performing power flow calculation, the voltage amplitude of the reference bus is usually defined as 1.0 p.u., and its phase angle is zero. A typical distribution network generally has the following characteristics:
1) the ratio of R/X is large, generally greater than 1.0, where R denotes the resistance of the lines and X denotes the reactance of the lines.
2) the voltage amplitude of each bus in the networks is close to 1.0 p.u..
3) the voltage phase angle difference between any two buses is rather small, usually close to zero.
According to the above characteristics of the distribution networks, the voltage phase angle difference between any two buses is very close to zero (δ ij ≈ 0), which means cosδ ij ≈ 1.0 and sinδ ij ≈ δ ij . And the voltage amplitude of any bus i can be written as
Take the reciprocal of formula (2) and expand the Taylor series formula under the condition that V i is very close to 1.0 p.u. to obtain
Since V has a smaller value, which is usually less than 0.10 p.u., eliminating the quadratic term and higher terms, we can obtain
In order to analyze the accuracy of formula (4), Figure 1 shows the relative error distribution of the bus voltage amplitude V i between 0.90 p.u.-1.10 p.u.. And the formula of relative error is shown in (5) , where γ denotes relative error of voltage amplitude. According to the figure, the closer V i is to 1.0 p.u., the smaller its relative error is. When V i is 0.90 p.u. or 1.10 p.u., the relative error reaches its maximum, but not more than 1.0%.
According to the above theoretical analysis and formula derivation, the linear approximation can be summarized as follows:
Approximation 1: The reciprocal of voltage amplitude can be approximately linearized as 1 
III. DG POWER FLOW CALCULATION MODELS AND SIMPLIFICATION

A. POWER FLOW MODELS OF DG
The conventional distribution networks usually only contain reference bus and PQ buses. With the increase of gridconnected DG types in the distribution networks, the bus types also increase as well. According to literature [14] , DG in power flow calculation can be generally divided into four categories: PQ type, PV type, PI type and PQ(V) type. The power flow calculation models are as follows:
1) PQ TYPE DG
The active and reactive power generated by this type of DG are constant. The power flow calculation model can be written as
where P G and Q G denote the active and reactive power of the PQ type DG.
2) PV TYPE DG
The active power and the given voltage amplitude of this type of DG are constant. The power flow calculation model can be written as
Reactive power Q should satisfy the following constraint
where V G denotes the given voltage amplitude of the PV type DG; Q G,min and Q G,max denote the upper and lower limits of reactive power of DG.
3) PI TYPE DG
The active power and the given current amplitude of this type of DG are constant. The power flow calculation model can be written as
where I G denotes the generated current amplitude of the PI type DG. The reactive power generated by the DG can be calculated according to the given current, active power and bus voltage, as shown in (12) .
4) PQ(V) TYPE DG
The active power generated by this type of DG is constant, and the reactive power can be obtained from the amplitude of the bus voltage. The power flow calculation model can be written as
where f (V ) is a function of the voltage amplitude V . According to the relevant literature, the expression of f (V ) usually can be divided into the following two cases: Case 1: When the synchronous generator without excitation regulation control is used as the interface, the expression of f (V ) can be written as
where V is the amplitude of the bus voltage. E Gq denotes no-load electromotive force. X d denotes synchronous reactance.
Case 2: When the asynchronous motor is used as the interface, the expression of f (V ) can be written as
where x denotes the sum of the stator leakage reactance of the asynchronous motor and the rotor leakage reactance. x p denotes machine-side shunt capacitor equivalent reactance and asynchronous motor excitation reactance.
B. SIMPLIFIED MODEL OF DG
It can be seen from formulas (11-13) that the active power of PI type DG and PQ(V) type DG is given, and the reactive power can be calculated according to the bus voltage and the given data. Therefore, the reactive power QG generated by the DG of PQ, PI and PQ(V) types can be uniformly expressed as
where k 2 , k 1 , and k 0 are constants, and y(V ) is a function of V (excluding quadratic terms, higher terms and constant terms).
The power flow calculation model for DG of non-PV types will be simplified below, and the reactive power expression issued by it will be simplified to a quadratic function with respect to voltage. Taking PI type DG as an example, the constants k 2 , k 1 , and k 0 in formula (16) are all zero, and Q G can be written as (17) , which can be referred to [14] .
Since the voltage amplitude V of the bus is close to 1.0 p.u., the Taylor formula expansion is carried out when V is very close to 1.0 p.u., which can be obtained
where y k (V ) is the k-th order derivative of y(V ) with respect to V . k! denotes the factorial and V is micro variable of V . Since V is small, (18) retains only the constant term, the primary term and the quadratic term. It can be concluded that quadratic expression of the reactive power generated by the PI type DG is as shown
where the calculation expressions for K 2 , K 1 , and K 0 can be written as (20) (21) (22) , the symbols I G and P G in (20) (21) (22) are the same as (11) .
In the same way, the quadratic expression of reactive power from the PQ(V) type DG can also be obtained. The expression can be seen in the appendix (A.1-A.7). Therefore, the power flow calculation model for DG of non-PV type can be simplified as
where K 2 , K 1 , and K 0 are constants, and their values are different for different types of DG. The expressions of f (V ) for PQ(V) type DG which was not mentioned in this paper can be simplified in the same way.
C. SIMPLIFIED DG MODEL TEST
In order to verify the rationality of the simplified DG model (23) , the relative errors of the simplified model of PI type DG and PQ(V) type DG are calculated under the assumption that the bus voltage amplitude is between 0.90 p.u.-1.10 p.u., where the PQ(V) type DG takes the synchronous generator without excitation regulation as an example. The data given by PI type DG and PQ(V) type DG are shown in Table 1 . Figure 2 and Figure 3 show the relative error distribution of the output reactive power of PI type DG and PQ(V) type DG, respectively. And the calculation formula of relative error is shown in (24) , where ε denotes relative error of reactive power, Q G , ex denotes the exact value of reactive power generated by DG, and Q G , ap denotes the approximate value of reactive power generated by DG, which can be calculated from formula (23) . It can be seen from them that the closer the voltage amplitude V is to 1.0 p.u., the smaller the relative error is. When the voltage amplitude is 0.90 p.u., the relative errors of both reach their maximums, and the values are 2.0 × 10 −3 and 1.54 × 10 −7 , respectively. It can be seen that the error of the reactive power of the PQ(V) type DG 
IV. LINEAR POWER FLOW CALCULATION MODEL A. DERIVATION OF THE LINEAR MODEL
The basic power flow equation (1) is linearized according to the two kinds of linear approximation mentioned in the section II and the simplified DG power flow calculation model described in section III. The following is a linearization derivation process. Substitute formula (7) into formula (1) to obtain
The grounding admittance of the distribution line is small, usually close to zero. In the case of neglecting the grounding admittance of the distribution line, the self-admittance element of a node in the admittance matrix is equal to the sum of the admittances of the branches connected to the node. That is, the sum of the elements in each row in the admittance matrix is very close to zero. Therefore, expression (26) is like below
Substitute formula (26) into formula (25) and take advantage of the characteristics that V is close to 1.0 p.u., (25) can be organized into (27) .
The nonlinear terms P i /V i and Q i /Vi are approximated to a linear form according to formula (6) and (23), and the simplification process is as shown in equations (28-29). Where 
Finally, the basic power flow equation is simplified to (30)-(31). Equations (30)-(31) are linear equations and no longer contain any nonlinear terms.
In this paper, these four types of buses which include PQ, PV, PI and PQ(V) are divided into two categories: PV type bus and non-PV type bus. Suppose the distribution network has n buses, among which No.1 is the reference bus, No.2-m is the non-PV buses, and No.m-n is the PV buses (n is not less than m). For each bus in the system, the power flow equation (30) and (31) are both corresponding, which can be written as matrix in the form of equation (32). The specific expressions of D P and D Q are shown in (33-37), which can be derived from the linear equations (30-31).
As for symbols, S denotes the reference bus, M denotes the set of PV buses, and F denotes the set of non-PV buses. The formulas can be expressed as S = {1}, F = {2, 3, . . . , m}, and M = {m + 1, m + 2, . . . , n}. In the formulas (32)-(45), the bold symbol represents the matrix. P L , S, P L , F, and P L , M denote the load active power of reference bus, non-PV buses set and PV buses set respectively, and other symbols of the same type are similar. For example, P L, F = [P L2 , P L3 , . . . , P L m] T . K 2, S, K 2, F, and K 2, M denote the coefficients of reference bus, non-PV buses set and PV buses set. For example, 
Since V S , V M , and δ S are all known and δ F , δ M , and V F are quantities to be calculated, the linear model can be obtained by (42). W P , F, W P , M , and W Q , F can be calculated with admittance matrix and known buses power, the specific expressions are as follows (43). P * F and Q * F are all known, which can be calculated by (34-37). diag(P * F ) and diag(Q * F ) are square matrices with column matrices P * F and Q * F as diagonal elements, respectively. The expression form of the symbol representing the admittance matrix in (42). For example, B MF can be referred to in formula (41). δ M denotes the voltage phase angle of PV buses set. δ F and V F denote the voltage phase angle and voltage amplitude of non-PV buses set.
According to the linear model, the voltage of each bus can be obtained by using the known bus power and system admittance matrix. In addition, Figure 4 shows the application flow chart of the proposed model. It can be seen from the figure that the proposed model only needs to calculate the system admittance matrix and correlation coefficients based on the data of the distribution system, and then the voltage of each bus of the system can be calculated.
B. COMPARE WITH EXISTING MODELS
In [18] , the Taylor series is applied to the bus injection current term in the real number domain, and a linear power flow equation (44) in complex plane form is obtained. A, C, and E are complex matrices, which can be obtained from the known bus power and system admittance matrix, and the specific expressions can be referred to literature [18] . U is the system bus voltage column matrix (except reference bus), which is also a complex matrix. im and re denote the imaginary and 
In [22] , the basic power flow equation (1) is simplified to obtain a linear model (45), where H and J denote constant matrices, which can be obtained from the known bus power and system admittance matrix, and the specific expressions can be referred to literature [22] . N denotes the set of PQ buses and M denotes the set of PV buses, which is the same as equation (42). From equation (45), it can be seen that the linear model is similar to the proposed model in structure, because both are simplified from the same basic power flow equation.
The following three cases are used to analyze the calculated amount of the two linear models and the proposed model.
Case 1: When the system only has PQ buses, the elements related to PV buses in equation (45) and the proposed model are all zero. After removing all zero rows and all zero columns, the form is the same as (44). Assuming that the system has m buses, the number of the equations of these three linear equations is all 2m-2, and the dimensions of the matrices on the right side of the equation of the three linear models is all 2m-2. Therefore, the calculated amount of the three models is basically the same.
Case 2: When the system contains PQ and PV buses, it is assumed that the system has n buses, among which No. 2-m are PQ buses and No.m-n are PV buses. Because of the PV buses, equation (44) is no longer applicable. The number of equations of the proposed model and (45) are all n + m-1, and the dimensions of the constant matrices on the right side of the equation are all n + m-1, indicating that the calculated amount is basically the same.
Case 3: When the system has PQ, PV, PI, and PQ(V) buses, it is assumed that the system has n buses, among which No.2-m are non-PV buses and No.m-n are PV buses. At this point, both equations (44) and (45) are no longer applicable. The number of equations of the proposed model is n + m-1, and the dimensions of the constant matrix on the right side of the equation is n+m-1, and the calculated amount is basically the same as Case2.
It can be seen from the above three cases that the calculated amount and complexity of the proposed model are basically the same as the existing linear models, but the proposed model has strong functionality and is applicable to the distribution networks containing various types of DG, which is also the biggest advantage of the proposed model.
V. CASE STUDY A. CALCULATION ACCURACY TEST
In this section, IEEE33 is used as the test system [23] , and the network topology is shown in Figure 5 . The power flow calculation of the IEEE33 test system is carried out by using the proposed method and the existing linear power flow calculation methods, and the following three tests are carried out. 
Test 1:
The system does not contain DG. Three kinds of linear power flow algorithms are used to calculate the power flow of the IEEE33 bus distribution system, and the errors are compared.
Test 2: Only PV type DG and PQ type DG are included. In the IEEE33 bus power distribution system, four DGs are connected, numbered DG1, DG2, DG3, and DG4, respectively, to form a test system with PV buses. The specific access locations and given parameters of the DG are shown in Table 2 . Two kinds of linear power flow algorithms are used to calculate the power flow of the test system and the errors are compared.
Test 3: Four types of DG are included. On the basis of Test 2, DG5 and DG6 (taking the non-excitation regulating synchronous generator as an example) are connected to form a test system with PV bus, PI bus and PQ(V) bus. And the proposed method is used to calculate the power flow of the test system. Table 3 shows the calculation error value of the bus voltage of the Test1. The error calculation formula is shown in (46) where X LPF is the result of linear power flow calculation and X PF is the result of traditional Newton method power flow calculation, and the convergence precision is 10 −5 . In the table, Method 1 and Method 2 are the methods of linear power flow in literature [18] and literature [22] , respectively. It can be seen from the table that the maximum error and the average error of the proposed method are 6.11×10 −4 p.u. and 3.37 × 10 −4 p.u., respectively. And the order of magnitude of maximum error value is 10 −4 . Compared with Method 1, the calculation accuracy is slightly lower, but the difference is not large. The difference between the maximum error values of the two linear methods is 8.1 × 10 −5 p.u., and the difference between the average error values is 5.0 × 10 −5 p.u.. Compared with Method 2, the calculation accuracy is obviously improved. power flow calculation on this test system. Figure 6 shows that the maximum voltage error value of the bus appears at bus 33, with a value of 6.41×10 −4 p.u., and the average error is 3.37 × 10 −4 p.u.. The order of magnitude of the maximum error and the average error remains at 10 −4 .
It can be known from the above three tests that Method 1 has higher calculation accuracy, but cannot process non-PQ type DG, and has low versatility. Although Method 2 considers PV type DG, the calculation accuracy is not high, and it cannot handle PI type DG and PQ(V) type DG. In terms of calculation accuracy, the proposed method is basically consistent with Method 1, and both have higher calculation accuracy. In terms of versatility, the proposed method can handle all types of DG, thus has higher versatility than Method 1 and Method 2. Table 5 shows the calculation errors of power flow algorithms in IEEE16 system [24] , PG&E69 system [25] , Bus84 system [26] , and Bus119 system [27] . These four test systems only have PQ type buses and do not contain DG. As can be seen from the table, among the four test systems, the proposed method and Method 1 have higher calculation accuracy, which is significantly higher than Method 2. In addition, the proposed method still has high calculation accuracy, even in the condition of large scale distribution systems like Bus84 and Bus119. 
B. THE EFFECT OF LOAD ON CALCULATION ACCURACY
In order to analyze the influence of load proportion on the accuracy of the proposed linear model, Figure 7 shows the maximum error distribution of the voltage amplitude of the proposed method under different load proportions. The error increases along with the load proportions. As long as the system load increases, the degree of deviation of the bus voltage from the reference bus increases, which results in the increasement of the errors of the linear process and the DG simplified model.
Taking the IEEE33 test system as an example, when the system load proportions is less than 120%, the maximum error of the voltage amplitude is less than 1.0 × 10 −3 p.u., and the magnitude of the error is maintained at 10 −4 . When the load proportions reach 200%, the maximum error of the voltage amplitude is less than 7.0 × 10 −3 p.u. It can be seen that the proposed method still has high calculation accuracy under heavy load. Table 6 shows the calculation time taken by the three linear power flow algorithms and the traditional Newton method. The calculation time of the three linear power flow algorithms and Newton method are all measured in Windows 10 VOLUME 7, 2019 operating system, Inter(R) Core(TM) i7 CPU 3.60GHz and 16GB RAM using Matlab software. Since the calculation time of different forms of Newton method are also different, this paper adopts the Newton method in the form of polar coordinates based on the basic power flow equation (1) . The calculation time of each method is the average time of 10 times of calculations, each calculation starts from the data input, and ends at the output. More exactly, as for the proposed method in this paper, as the Figure 4 shows, each calculation time begins from the ''Start'' and ends at ''Exit''.
C. CALCULATION EFFICIENCY TEST
It can be seen from the table that the calculation time of the three linear power flow algorithms is basically the same. According to (42), (44), and (45), because the test systems only have PQ buses, so the dimensions of matrices in the three linear models are the same. Since the dimensions of the matrix operations of the three linear power flow algorithms are the same when using the Matlab software for power flow calculation, so the calculation time is almost the same. Compared with the traditional Newton method, the proposed method reduces the power flow calculation time of the test systems by around 50%-60%, and the calculation efficiency is significantly improved.
VI. CONCLUSION
A linear power flow calculation method of distribution networks with DG is proposed. In this paper, according to the characteristics of distribution networks and Taylor series expansion technology, the nonlinear terms of the basic power flow equation are linearized, and the simplified power flow calculation model of non-PV DG is given. In addition, the basic power flow equation is simplified to a linear form. Compared with the traditional Newton method, the proposed method needs no iterations, which significantly reduces the power flow calculation time, and the calculation efficiency is increased by around 50%-60%. Compared with the existing linear power flow calculation methods, the proposed method not only has higher calculation accuracy, but also considers various types of DG, and has strong versatility. Therefore, the proposed method can be used for rapid power flow analysis and real-time scheduling calculation of distribution networks.
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